Abstract-In this paper, the manifold of a general two-or threedimensional (2-D or 3-D) array of sensors is studied using differential geometry. By considering the azimuth and elevation angles as the parameters of interest, a manifold surface is formed embedded in a multidimensional complex space. Initially, this surface is investigated by establishing a number of differential geometry parameters associated with the array manifold. Then, the concept of development is proposed for mapping manifold surfaces (embedded in a multidimensional complex space) on the real 2-D parameter plane. The proposed mapping preserves certain differential geometry characteristics of the manifold surface and provides a simplified representation for the analysis. The potential benefits of this mapping, as well as of the proposed parameters, are demonstrated in the analysis of 3-D and planar arrays of omnidirectional sensors and in a number of potential applications, varying from array design to handling the array ambiguity problem.
I. INTRODUCTION
A RRAY systems for signal detection, direction finding, superresolution beamforming, etc., are strongly dependent on the properties and parameters of the array manifold [1] - [7] . Therefore, a rigorous analysis of the array manifold is essential and can be accomplished effectively through the study of the manifold's differential geometry. Thus far, this analysis has been carried out for one-dimensional (1-D) manifolds, associated with linear arrays, which are curves embedded in a multidimensional complex space. These 1-D manifolds (curves) have been found to have a hyperhelical shape, the properties of which have been extensively studied [1] , [4] , [8] . For array systems that involve both azimuth and elevation angles as parameters of interest, the array manifold is a surface rather than a curve and is associated with nonlinear array structures. Thus far, the investigation of manifold surfaces has consistently been done by breaking them down into lines and treating those lines as manifold curves of equivalent linear arrays (ELAs). However, advanced insight into arrays may be provided by considering the manifold surface as a ngle entity, and for this reason, differential geometry for surfaces rather than curves should be employed. In this paper, the manifold surface of a nonlinear array of sensors has been analyzed using differential geometry [9] - [11] , and its main parameters have been identified. The essential parameters have been grouped into those related to points on the surface and those related to curves on the surface. These characteristics should be maintained in any simplified representation of the manifold, and therefore, in this paper, we propose a mapping of the manifold surface (embedded in a multidimensional complex space) onto the real plane (2-D space), which preserves these characteristics under certain conditions. The potential benefits of this mapping, as well as of the proposed parameters, are demonstrated in the analysis of 3-D and planar arrays of omnidirectional sensors and in a number of potential applications, varying from array design to handling the array ambiguity problem.
Based on the above discussion, the paper is organized as follows. In Section II, the most important differential geometry related parameters of the array manifold are identified, and their analytical expressions are presented. In Section III, the concept of the development is proposed, which is a transformation, mapping the complicated manifold surface onto a real plane. The proposed theoretical framework is applied in Section IV to array structures of omnidirectional sensors and is used in Section V to demonstrate its utilization in a number of potential applications. Finally, in Section VI, the paper is concluded.
II. DIFFERENTIAL GEOMETRY PARAMETERS OF THE SURFACE
In an azimuth and elevation direction finding array system of sensors, the manifold vector is defined as (1) where is the sensor position matrix in half wavelengths with the array centroid taken as the array reference point (i.e., , denotes the wavenumber vector, represents the Hadamard product, and is the vector with elements of the directional gains of the sensors.
The locus of all manifold vectors forms a surface known as the array manifold. This is a 2-D manifold i.e., a 2-D nonlinear complex subspace (function of two variables), embedded in an -dimensional complex space. For a point on the manifold surface, four differential geometry parameters of interest intrinsic to the manifold surface have been identified in the literature and extended from 3-D real space to -dimensional complex space. In order to achieve this, we have taken into consideration all the ramifications and subtleties involved in this process. These parameters are the manifold metric , which is a function of the derivatives of the manifold vector of (1), and the Gaussian curvature , which is a function of the manifold metric .
If the point on the manifold surface is also taken as a point on a curve on the manifold surface, then the following two parameters, which are also functions of the metric , are of interest:
• the arc length of the curve up to that point;
• the geodesic curvature at that point.
A. Manifold Metric
The manifold metric is a real matrix with elements known in differential geometry as the first fundamental coefficients (or metric coefficients) and is defined as follows:
Re
Re Re (2) where the matrix represents the tangent plane 1 with and
The metric is a semipositive definite symmetric matrix. Its elements are called the first fundamental coefficients or metric coefficients and entirely describe the manifold properties of the surface. For instance, the angle between the two parameter curves of the surface at a point can be expressed as
The metric coefficients provide a way for measuring trajectories on the non-Euclidean spaces through the use of weighting coefficients, for example, an infinitesimal distance on the Euclidean plane is measured by , whereas on a general non-Euclidean surface, it is given by .
B. Gaussian Curvature
A surface can be broken down into a set of curves where each curve is described by a set of curvatures. This breakdown is somewhat detrimental to the surface in the sense that each point is described by a curvature related to the specific set of curves rather than the surface itself. By considering the surface as a whole body with intrinsic properties, Gauss assigned a curvature to every point on the surface independently of any specific curve passing through it. Research into surfaces or 2-D manifolds has produced several formulas for the Gaussian curvature originating either from intrinsic properties of the surface, such 1 Note that the tangent plane exists at = 690 (which are the apex of the manifold), although the tangent matrix has a zero column (coordinate singularity).
as the metric, or nonintrinsic properties, such as the observation space. For example, a nonintrinsic formula of the Gaussian curvature exists for surfaces embedded in the 3-D Euclidian space , which involves the normal vector to the surface tangent plane. As the manifold of general array antennas is not embedded in , we will only consider the intrinsic formula for the Gaussian curvature that is independent of the normal space and, hence, of the observation space. An intrinsic formula for the Gaussian curvature of a surface, adapted from [9] , is presented below, expressed as a function of the metric as follows: (5) where , are elements of the real matrices
Re where or (6) which are known as the Christoffel symbol matrices of the second kind. The Gaussian curvature of (5) provides an indication of the shape of the surface. For instance, we have the following:
• If , the point is elliptic (the whole neighborhood of the surface at the point considered lies on one side of the tangent hyperplane).
• If , the point is hyperbolic (one part of the surface at the point considered lies on one side of the tangent hyperplane and the other part on the other side).
• If , the point is parabolic (there is a straight line of the surface belonging totally on the tangent space).
• If const. then, using Minding's theorem [9] , which states that two surfaces of the same constant curvature are locally isometric, we have the following cases. If , the surface is isometric with the plane; if , the surface is isometric with a sphere of radius , and if , the surface is isometric with a surface of revolution, called a pseudo-sphere, determined by the value .
C. Arc Length
The arc length can be interpreted in physical terms as the total distance covered by a person travelling along a certain path on a certain landscape. On the array manifold surface, it is the total distance travelled along a curve on the surface from an "initial" point to the current point under consideration . Its expression as a function of the manifold metric is (7) where , and hence . Note that the expression is a parameter known in differential geometry as the first fundamental form.
D. Geodesic Curvature
The final differential geometry parameter of interest presented in this study is the geodesic curvature . In order to understand the significance of this parameter, the geodesicity concept should be introduced. It is well known that the curve with the minimum length between two points in a Euclidian space is a straight line. This concept is extended to a curve connecting two points on a surface, and the curve of minimum length belonging to the surface is called a geodesic curve (equivalent to a straight line in a plane). By considering a curve on a surface connecting two points, the closeness of this curve to a geodesic curve can be assessed by means of the geodesic curvature with corresponding to a geodesic curve. This curvature can be estimated (for proof, see Appendix A) by the following expression: (8) where is the arc length of the curve under consideration.
From (8), a geodesic curve, i.e., a curve for which the geodesic curvature is invariably zero, must satisfy the equation (9) Equation (9) is a system of two simultaneous equations that are the well-known geodesic differential equations ([9, p. 64]). Note that if two families of curves are orthogonal and one family consists of geodesic curves, then these two families constitute a set of geodesic coordinates.
Using (8), the geodesic curvature for curves (i.e., curves of constant elevation parameter ) of an array manifold can be shown, using the properties and , to be equal to (10) Similarly, for the curves (i.e., curves of constant azimuth parameter ), using and , the geodesic curvature can be found to be (11) It is clear that the computation of both the Gaussian and geodesic curvature parameters [see (5) and (8)] involves the elements of the matrices and . These elements are known as the Christoffel symbols of the second kind, having the property , and are used as a transformation that provides the infinitesimal variation of the tangent plane as a point moves on the manifold surface, namely (12) Furthermore, note that and are related to the Christoffel symbol matrices of the first kind (not used in this study) and as follows:
where or (13)
The previously described parameters will be employed in the following section to represent the array manifold surface, embedded in a complex multidimensional space, as a real parameter plane, while preserving its main characteristics. This has the potential to simplify the analysis of the manifold or any future algorithmic design.
III. PROPOSED REPRESENTATION OF THE MANIFOLD SURFACE
The main idea is to propose a local mapping to represent a complicated surface (embedded in a multidimensional complex space) by a simpler surface. This representation would simplify the analysis of array manifold surfaces and, consequently, of array systems. The simplest surface, from a conceptual point of view, is the real plane, and hence, in this section, we will propose a mapping to transform the manifold surface onto a real plane. In order to be useful, this mapping should preserve the main characteristics of the manifold surface. These are, for instance, the Gaussian curvature, which may or may not be constant, and the geodesic properties. Based on the fact that a real 2-D plane has a constant Gaussian curvature (equal to zero) and straight geodesic lines, some constraints on our mapping can be established. A manifold surface with a varying Gaussian curvature cannot be adequately mapped onto the plane. In addition, the transformation should map geodesic parameter curves on the manifold surface onto straight lines on the real plane that are the geodesic curves of the plane (geodesic mapping). Based on the above discussion, a mapping is proposed below in the form of a theorem.
Theorem 1: Consider an arbitrary point on the manifold surface of an array of sensors. The image of the point on the real parameter plane is given by (14) where is the geodesic curvature of the curves on the manifold, and and are integration constants such that and The locus of the images is known as the development 2 of the manifold and has the following properties:
i) It exists if and only if the Gaussian curvature of the manifold surface is constant.
ii) The arc length of curves on the development is given by (15) iii) The curvature of the curves on the development is equal to the geodesic curvature of the curves on the manifold surface. Proof: i) Beltrami's theorem [13] , [14] states that if a surface is mapped to another surface and the mapping is such that geodesic curves in one surface are mapped onto geodesic curves in the other surface (geodesic mapping) then if one surface has a constant Gaussian curvature, the other must also have a constant Gaussian curvature in order to have a distortionless mapping. Since the destination surface of our mapping, i.e., the plane, has a constant curvature (equal to zero), the condition for the existence of a distortionless mapping is that the array manifold surface should have a constant curvature. ii) Considering the development of the manifold curves for a constant , , the arc length of is given by
Using the Leibnitz rule of integral differentiation on (14) and hence , proving (15) . iii) The curvature of a curve is the magnitude of the derivative of the normalized tangent vector with respect to its arc length hence, considering the development of the manifold curves for a constant , let be its normalized tangent vector Differentiating (15) leads to , and hence, . The magnitude of the derivative of the normalized tangent vector with respect to its arc length hence becomes
The curvature of the development is thus equal to the geodesic curvature of the manifold curve. Note that the expressions for the integration constants assume the property (which is generally valid) and have the effect of shifting the curves to a common center, i.e., . The motivation behind the conservation of the geodesic curvatures is to maintain the characteristic that the shortest path between two points on the surface maps to a straight line on the plane (i.e., the shortest path on the development); otherwise, the development will represent a "distorted" surface. Furthermore, the geodesic curves on the array manifold have been investigated (e.g., see [8] ) and have proved to be "hyperhelices" (constant curvatures) embedded in an -dimensional complex space. The advantages of having hyperhelical curves are numerous. The most important is that their shape and properties can be described by a set of constant curvatures that can be analytically estimated. Note that curves of constant azimuth and varying elevation ( curves) are of this type and are expected to map to straight lines on the development, whereas curves, which are curves of constant elevation, are not. Another parameterization of the array manifold (not referred to in this paper) is the parameterization [15] , where both curves and curves are hyperhelices, and both are mapped to straight lines on the development.
IV. APPLICATION OF DIFFERENTIAL GEOMETRY TO ARRAYS WITH OMNIDIRECTIONAL SENSORS
In order to demonstrate the feasibility and potential benefit of the differential geometry parameters defined above and the proposed concept of the development, in this section, a general array of omnidirectional sensors will be considered. This implies that the manifold vector given by (1) is simplified to (16) In addition, the first and second derivatives of the manifold vector are essential for evaluating these parameters, and hence, the following notation will be used: and where or or Thus, for arrays of omnidirectional sensors, the elements of the metric can be computed as where and or (17) whereas the Christoffel symbol matrices of the second kind are and
It is clear from (18) that , and this simplifies, for omnidirectional sensors, the Gaussian curvature of (5) as follows: (19) which, in general, is not constant. Thus, the existence of the development of the manifold of an array of omnidirectional sensors is not guaranteed according to Part-i of the theorem. However, for some array geometries, the Gaussian curvature of (19) is constant. Array geometries that have been identified to satisfy this condition include all planar arrays and some 3-D arrays. In general, a 3-D array is not "developable," but the special class of 3-D-grid arrays defined below is developable.
Definition 1-3-D-Grid Arrays: A 3-D array geometry of omnidirectional sensors is said to be a 3-D-grid array if and only if the following expression is satisfied:
where (20) with denoting an identity matrix. An example of a 3-D-grid array is the eight-element cube array with all sides equal to one half wavelength.
Note that for planar arrays, the term has the form , where , and if with , then the planar array will be known as a 2-D-grid array. Fig. 1 shows some examples of 2-D-grid array geometries. Table I summarizes the results of the evaluation of the differential geometry parameters introduced in this study for three classes of arrays of omnidirectional sensors. These are the 3-Dgrid, planar and 2-D-grid arrays. A number of comments can be made based on the results presented in Table I . The Gaussian curvature of 3-D-grid arrays is always positive, whereas for planar arrays, it is always zero (for proof, see Appendix B). This implies that the manifold of a 3-D-grid array is isometric with a sphere of radius and that of a planar array is isometric with a plane. In addition, it can be seen that all these arrays have a zero geodesic curvature for the curves, which implies that the curves are geodesic curves. Furthermore, for the 2-D-grid and 3-D-grid arrays, the off-diagonal elements of the manifold metric (i.e., , ) are zero, and hence, the curves and curves are orthogonal and constitute geodesic coordinates, whereas the development of their curves are circles whose radius is a function of . Finally, for planar arrays, the expression presented in Table I ( It can be seen from Fig. 3 that the development of the planar array has an ellipsoidal shape with the two main axes at angles and with respect to the axis, where (22) with denoting the elements of the matrix , i.e., . The proof of this result can be found in Appendix D.
V. POTENTIAL APPLICATIONS
In this section, an attempt is made to reveal a few potential applications of the differential geometry tools described in this paper and, thus, to demonstrate their benefits in the area of array processing. 
A. Algorithm Design Based on Shape of the Manifold Surface
The significance of the shape of the manifold surface in a direction-finding array system becomes apparent when it is noted that the manifold surface has to be searched, according to a "cost" function in order to estimate some parameters of interest (e.g., directions of arrival). This cost function can be designed and its "search" optimized according to the shape of the manifold surface and its properties. A similar approach for curvilinear manifolds, rather than surfaces, can be found in [16] . Based on the concepts presented in this paper, it can be easily proven that the shape of the manifold of an array of omnidirec- tional sensors is a conoid, as highlighted by the following theorem.
Theorem 2: The manifold surface of a planar array of omnidirectional sensors is a conoid embedded in a complex multidimensional space.
A proof of this theorem can be found in [17] . From the results of this study, we believe that new cost functions may be proposed that take into account the conoidal shape of the manifold in their design and incorporate various differential geometry array manifold parameters.
B. Array Design Through Differential Geometry Manifold Parameters
An important issue that has, however, been overlooked is the design of the array structure (geometry) that, under practical nonasymptotic conditions, places fundamental limitations on the ultimate performance of the system. A potential application is to propose a new array design framework based on the differential geometry array manifold parameters. For instance, the sensor locations of a planar array are related to the metric and to two geodesic curves ( curves at , ), as can be seen in the following theorem, which is presented without any proof.
Theorem 3: The and coordinates of the elements of a planar array of sensors are related to the differential geometry parameters of its manifold surface as follows:
where , are any two known azimuths satisfying , and is the vector of the roots of the sensor locator polynomial 3 It is important to note that the entries of and can be taken in every possible order. Indeed, because each entry of can be set to correspond to an arbitrary entry of , the previous theorem gives a whole family of planar arrays whose manifolds have the specified differential geometry.
C. Performance Bounds Based on the Concept of Development
The effect of the array structure on the system performance may be assessed quantitatively by determining the shape and orientation of the array manifold through the study of the manifold's differential geometry. Estimation error, detection, and resolution bounds have been established as a function of the differential geometry parameters for the case of linear arrays where the array manifold is a curve having the shape of a hyperhelix embedded in a multidimensional complex space [1] - [3] . These bounds are based on the concept of "uncertainty spheres" that model the uncertainty remaining in the system after snapshots. A generalization of this method for manifold surfaces is not straightforward but may be handled by using the concept of the development proposed in this study to map these uncertainty spheres onto the real parameter plane. An example of this mapping can be seen in Fig. 5 . However, further investigation is necessary to demonstrate the potential impact of this idea on detection and resolution bounds.
D. Investigation of Ambiguities Based on the Array Manifold Development
The geometry of an array plays a crucial role in dictating the shape, properties and "anomalies" of the array manifold and, as a consequence, in dictating the phenomenon where some manifold vectors can be written as linear combinations of others. This gives rise to the array "ambiguity problem" [4] , [5] , which is an important research topic. This is a promising potential application area of the proposed mapping because it provides a way of visualizing ambiguous sets of directions of arrival and henceforth ambiguous regions, thereby distinguishing geometries that are more (or less) ambiguous than others. As an example, Fig. 6 illustrates a set of ambiguous generator lines [5] for a given planar array mapped on the development of the manifold. In this figure, the intersection between any line through the apex ( ) and the solid lines provides a set of five ambiguous directions. This representation may lead to a better understanding of the ambiguity problem with implications for the identification of new classes of ambiguities and the design of ambiguity-free (up to a certain rank) array geometries.
VI. CONCLUSIONS
In this paper, the main differential geometry parameters of the manifold surface of a nonlinear array of sensors have been identified, and analytical expressions have been provided. In addition, the concept of the development has been proposed, under certain conditions, as an alternative representation of the manifold surface on a real plane, maintaining its main differential geometry characteristics. The proposed concepts have been applied to 3-D and planar arrays of omnidirectional sensors, and a number of potential applications have been discussed.
APPENDIX

A. Proof of (8)-Geodesic Curvature
The geodesic curvature is explicitly derived in this Appendix as a function of the parameters presented in Section II. Consider the manifold surface of an array that is the locus of the manifold vectors . Let us define the tangent vector at a point of a curve on the surface as where is the arc length of the curve, and is defined in Section II as such that is the tangent space to the manifold surface at and . Note that denotes the space spanned by the columns of the argument. Furthermore, let us define the matrix as an orthonormal basis for the space with chosen to be equal to . This gives the expression 
The vector will be used for notational purposes such that . Defining a general curve on the ( ) parameter plane as a function of the manifold curve arc length, the following results follow.
Substituting the expressions of and into (28) gives, after some manipulation (29) From (29), the term can be simplified and gives, after some manipulation (30)
B. Proof that the Gaussian Curvature of an Omnidirectional Sensor Planar Array Manifold is Zero
Equation (19) gives the expression of the Gaussian curvature of an array of omnidirectional sensors that can be written in an equivalent way as in (31), shown at the bottom of the page. By using the Christoffel symbols of the second kind, and , which can be expressed in terms of the element of the manifold metric as (32) then (31) can be written as (33)
Using the previous expression in conjunction with Table I , which provides the Christoffel symbols and for a planar array as a function of , we have (34) By using the properties (35) we have . Table I The determinant of the manifold metric can be easily proven for grid arrays (see first and third columns of Table I) ; therefore, in this Appendix, we will only consider the proof for planar arrays (second column). For planar arrays, the term has the form , where , and the elements of the manifold metric for an array of omnidirectional sensors can be explicitly written as a function of the elements of as (36) (31) Using (36), the determinant of the manifold metric is found to be Let us denote the first term inside the braces as and the second as i.e.,
C. Proof of the Expression of for Planar Arrays in
The above expressions can be simplified to where and , and hence, . Hence
D. Proof of (22)
The angle can be found through points of extremum curvatures; hence, since the curvature of the development is equal to , the geodesic curvature of the curves of the planar array manifold is differentiated with respect to and equated to zero or Considering the first equation in the list the discriminant gives , and hence, the first equation has no solution.
The second equation gives , and hence, .
